Abstract. Let X be a compact connected subset of R d , let S j , j = 1, ..., N , be contractive self-conformal maps on a neighborhood of X, and let {p j (x)} N j=1 be a family of positive continuous functions on X. We consider the probability measure µ that satisfies the eigen-equation
Introduction
Let X be a compact connected subset of R d and let S j : X → X, j = 1, ..., N , be contractive maps. We call {S j } N j=1 an iterated function system (IFS) on X. It is well known that there exists a unique non-empty compact subset K ⊂ X invariant under {S j } N j=1 in the sense that K = N j=1 S j (K). If we associate with probability weights {p i } N i=1 to the IFS, then there is a unique probability measure µ on X with suppµ = K satisfying
for every Borel set A ⊂ X. As is well known the invariant measure is either continuously singular or absolutely continuous with respect to the Lebesgue measure m on R d . It is easy to see that if S i (K) ∩ S j (K) = ∅, i = j, then µ must be singular. However, it remains to be a challenging question to determine which is the case if the S i (K)'s have nonempty intersection ( [LNR] , [PSS] ). One of the most basic 
where S 1 (x) = ρx and S 2 (x) = ρx + (1 − ρ) and ρ ∈ (0, 1). It is known that µ ρ is purely singular for ρ ∈ (0, 1/2) and µ ρ is absolutely continuous with respect to the Lebesgue measure for m-a.e. ρ ∈ (1/2, 1) (see [PSS] and the references therein). In [MS] Mauldin and Simon proved that if µ ρ is absolutely continuous with respect to m, then m is also absolutely continuous with respect to µ ρ , i.e., µ ρ and m are equivalent. In this paper we will show, among the other results, that the equivalence is actually valid in a more general setting.
be a family of positive continuous functions on X associated with a contractive IFS {S j } N j=1 . We consider the probability measure µ that satisfies the eigen-equation
The measure is associated with the Ruelle-Perron-Frobenius operator
where C(K) is the space of continuous functions on K and M (K) is the space of bounded regular Borel measures on K. The operator was introduced by Ruelle (in a more restricted form) to model the Gibbs distribution in statistical mechanics, and was adopted to study the discrete time evolution of flows on the Riemanian manifolds [B] . There has been extensive study on the operator in dynamical system in regard to λh = T h and λν = T * ν. The theory has also been used to study the multifractal structure of measures generated by conformal IFS [MU] .
Let D be an open set in R d . We use C 1 to denote the class of continuously differentiable maps on
is a similar matrix, i.e., S (x) is a positive scalar multiple of an orthogonal matrix. In this case S (x) , the operator norm of S (x), is the square root of the maximum eigenvalue of the product of S (x) and its transpose and equals
The conformal IFS is said to have the bounded distortion property (BDP) if there exists a constant C > 0 such that for any index J
It is easy to see that if {S j } N j=1 are affine maps, then it has the BDP. Moreover, by adopting the proof in [FL, 
satisfies the open set condition [PRSS] . (If each S j is a similitude with a contraction ratio ρ i , then P (s) = 0 is equivalent to the well known formula 
be contractive one-to-one C 1 -maps defined on X and let p j (x) = p j , j = 1, · · · , N, be probability weights. If the invariant measure µ in (1.1) is absolutely continuous with respect to the Lebesgue measure m and there is at least one p j > β j , where β j = max x∈K {| det S j (x)|}, then Dµ is unbounded on the attractor K.
We will prove these theorems in Section 2 and make some remarks in Section 3.
Proof of the theorems
Let K = N j=1 S j (K) be the attractor of the IFS and let
n . It is easy to see that for each n, K = |J|=n K J . We let K = {K J : |J| = n, n ∈ N}. Then K is a countable family of compact subsets with the following properties:
(P1) For any δ > 0, there are only finitely many members of K whose diameters are > δ.
(P2) For any ε > 0, x ∈ K, there exists
We first show that for any open set U , K has a finite or countable disjoint subfamily which covers U ∩ K except for an H s -zero set. 
In the following, we will exclude the first case to complete the proof.
Notice that each S j extends to an injective map on an open bounded set D which is also connected. Let δ 0 = inf{|x − y| : x ∈ X, y / ∈ D}. Then the Mean Value Theorem and the property of conformal map imply that for all J ∈ ∞ n=1 {1, 2, · · · , N} n and x, y ∈ X with |x − y| < δ 0 ,
Using this bi-Lipschitz property we obtain
We will show that the second inequality in (2.1) holds even if |x − y| ≥ δ 0 . In fact, since D is connected and X is bounded, we can find M balls of radius δ 0 contained in D such that their union is connected and covers X. We then select
Using the Mean Value Theorem we obtain
Applying the BDP, (2.2) and the above inequality, we can find a constant C > 0 such that
This implies that
Proof of Theorem 1.1. Suppose otherwise there exists a Borel subset
Since the p j 's are positive functions, µ(S
Let us denote H s | K by ν for short. We claim that ν(K \ Z) = 0. This will imply that µ is concentrated on a ν-zero subset of K, so ν and µ are mutually singular. It contradicts the hypothesis that µ is absolutely continuous with respect to ν on K, and completes the proof of the theorem.
To prove the claim we note that ν(E) > 0, hence we can apply the density theorem to find a point x ∈ E such that for any ε > 0, there exists an open ball B r (x) with
Replacing the U in Lemma 2.1 by B r (x), we can find a finite or countable disjoint subfamily G of K such that each member of G is a subset of B r (x) ∩ K and
Since members of G are disjoint, there exists K J ∈ G with
Observe that since S −1
By the BDP it follows that ν(K \ Z) ≤ εCν(K).
Since ε is arbitrary, ν(K \ Z) = 0 and the claim is proved. Let x ∈ S j (A(x * , ε, M)). Then x = S j (t) for some t ∈ K ∩ B ε (x * ) and f (t) > M. Note that S j is contractive, so x ∈ K ∩ B ε (S j (x * )). Let 0 < α j =: min x∈K p j (x). By (2.3) we have
It follows that 
